Abstract. We introduce the notion of the tau-function on Hurwitz spaces (the spaces of meromorphic functions on Riemann surfaces of fixed genus). The tau-function on a Hurwitz space is closely related to the Miwa-Jimbo tau-function corresponding to a class of explicitly solvable Riemann-Hilbert problems. In some partial cases this object turns out to coincide with determinant of the CauchyRiemann operator acting in the trivial line bundle. In this paper we compute the tau-function on H 0,N and H 1,N , i.e. on the space of rational functions of given degree N , and the space of meromorphic functions of degree N on a torus. In these two cases the tau-function is closely related with the Liouville action computed with respect to a flat metric on underlying branch covering.
Introduction
Deformations of Riemann surfaces play an essential role in the theory of intergrable systems. We can mention the theory of Whitham deformations of equations of Korteveg de Vries type [13, 3] , theory of Frobenius manifolds [4] , and the theory of theta-functional solutions of the Ernst equation from general relativity [11, 12] .
In the work [10] of one of the authors an arbitrary matrix Riemann-Hilbert problem with quasipermutation monodromy matrices was solved in terms of theta-functions on auxiliary Riemann surface realized as a covering of CP 1 . The corresponding Jimbo-Miwa tau-function turns out to be a product of two terms. The first terms is an appropriate theta-function. The second term is a function which depends only on the branch covering itself i.e. on positions of its branch points. Before introducing this function, which we call the "tau-function of the branched covering", let us fix some notations. We deal with a family of Riemann surfaces obtained by varying of branch points in a realization of a compact Riemann surface L as a branched covering of the sphere CP 1 . We assume that the ramification type of all the branch points remains unchanged under the deformation, so our family may be localy parametrized by the projections λ 1 , . . . , λ M of the branch points P 1 , . . . , P M onto the sphere. In this way we get a local chart in the stratum of Hurwitz space, consisting of coverings with fixed ramification type of branch points.
Let P m be a branch point of the covering, and let r m be the number of sheets of the covering which are glued together at P m . Introduce the natural coordinate x m (P ) = (λ(P ) − λ m ) 1/rm of a point P in a neighborhood of P m . Here λ(P ) is the projection of P onto CP 1 . We assume that infinities are not branch points; then the natural parameter in the neighborhood of infinite point on any sheet is ζ = and S(x m ) is the value of the Bergmann projective connection evaluated with respect to the coordinate x m .
It turns out (see Theorem 1 bellow) that R(P 1 ), . . . , R(P M ) are holomorphic functions of λ 1 , . . . , λ M satisfying the following compatibility conditions for equations (1.1):
∂λ n = ∂R(P n ) ∂λ m .
In the paper [8] the tau-function was calculated for two-sheeted coverings, when the Riemann surface L of genus g is hyperelliptic. The result turns out to be the following:
where A is the g × g matrix of a-periods of non-normalized holomorphic differentials on L. This expression coincides with det∂ 0 -the determinant of the Cauchy-Riemann operator acting in the trivial line bundle over hyperelliptic curve L. This object was first computed by Zamolodchikov [16] in the context of Ashkin-Teller model (see also [9] , [1] , [2] ); we don't know whether the coincidence of these two objects always takes place.
In the present paper we calculate the tau-function of an arbitrary branch covering of genus 0 and 1. In genus 0 the answer looks as follows. In this case the rational branched covering L can be biholomorphically mapped to the Riemann sphere. We choose this map U : L → CP 1 in such a way that U (∞ (1) ) = ∞ (we denote by ∞ (k) the point on the k-th sheet of the covering such that its projection on the sphere CP 1 is ∞). Let N be the number of the sheets of the covering. Then
) .
If L has genus 1, the tau-function is given by the following formula:
where w(P ) is the normalized (its a-period is 1) holomorphic differential on the torus L;
is the Jacobi theta-function.
These results follow from the study of the "Liouville action" -the properly regularized integral S = 1 2π L |φ λ |, where e φ dλdλ is the flat metric on L obtained by projecting down of the standard metric dzdz on its universal coveringL. The derivatives of S with respect to the branch points can be expressed through the values of the Schwarzian connection at the branch points (see Theorem 2 bellow); this reveals a close link of S with the module of the tau-function. On the other hand, the integral S admits the explicit calculation via the asymptotics of the flat metric near the branch points and the infinities of the sheets of the covering. Moreover, it allows the "holomorphic factorization" i.e. it can be explicitly represented as square of some holomorphic function, which allows to compute the tau-function itself.
In our treatment of the Liouville action S we essentially used some technical tools developed in a different context by Zograf and Takhtajan [18, 17, 15, 19] .
The tau-function of branched covering
Let L be a compact Riemann surface represented as a N -sheeted branched covering
with branch points P 1 , P 2 , . . . , P M of order r 1 −1, r 2 −1, . . . , r M −1 respectively. Here r k is the number of sheets of covering (2.1) which are glued together at the point P k . Let λ m = P r(P m ), m = 1, 2, . . . , M be the projections of the branch points. We assume that none of the projections λ m coincides with the infinity and that all branch points have different projections on CP 1 i.e. λ m = λ n .
The branched covering is completely determined by projections of its branch points on CP 1 if to each λ m we assign an element σ m of the symmetric group S N , fixing thereby the Galois group of the covering L. Choose on L a canonical basis of cycles (a α , b α ) (α = 1, . . . , g, where g is the genus of L) and the corresponding basis of holomorphic differentials w α normalized by the conditions aα w β = δ αβ . Let
where E(P, Q) is the prime form, denote the Bergmann kernel on the surface L; the Bergmann kernel has the following asymptotics as P → Q:
Here S x (P ) is a projective connection, i.e. S x behaves as follows under the coordinate change x = x(z):
where
is the Schwarzian derivative.
The following formula for the projective connection at an arbitrary point P ∈ L on the Riemann surface of genus g ≥ 1 is a simple corollary of expression (2.2) for the Bergmann kernel [5] :
θ * is the theta-function with an arbitrary non-singular odd half-integer characteristic; f α (P ) ≡ w α (P )/dx(P ).
Denote by x m = (λ − λ m ) 1/rm the natural coordinate of a point P in a neighborhood of the branch point P m , where λ = P r(P ). Let us introduce the following notation:
where S(x m ) is the projective connection from (2.3) corresponding to the local parameter x m (since below we work in the fixed system of local coordinates on L, from now on we skip the upper index on S which indicates the choice of the local parameter). If we deform covering (2.1) moving its branch points without changing their ramification type, then each quantity R(P m ) becomes a function of λ 1 , . . . , λ M ; such branched coverings form a stratum of the Hurwitz space H g,N . We are now in position to to give the following
is called the tau-function of covering (2.1).
The tau-function is defined on a given stratum of Hurwitz space. The existence of the tau-function of the covering is an immediate consequence of holomorphy of the Bergmann kernel as a function of the branch points and the following theorem Theorem 1 For any m, n = 1, . . . , M the following equations hold
Proof. We start with the following lemma.
Lemma 1
The function R(P m ) can be expressed via the Bergmann kernel as
where λ (j) is the point of the j-th sheet of covering (2.1) such that P r(λ (j) ) = λ.
To prove the lemma we rewrite the right part of (2.10) as
where γ = e 2πi/rm is the root of unit. In terms of coefficients of the Taylor series of S(x m , y m ) at the point P m :
this expression looks as follows:
Summing up the geometrical progression, we get (2.10). ⋄
Lemma 2
The Bergmann kernel depends as follows on position of the branch point:
Proof. To get (2.11) we need to use the Rauch formula [14] , which describes the infinitesimal variation of the Bergmann kernel under variation of conformal structure of the Riemann surface described by Beltrami differential µ:
If one chooses
with sufficiently small δ > 0 ( where 1 {|xm|≤δ} is the function equal to 1 inside the disc of radius δ centered at λ m ; if r m = 2 this is so-called Schiffer variation), formula (2.12) leads to the following dependence of the Bergmann kernel on the branch point λ m :
Only those sheets which are glued together at the point P m give a non-trivial contribution to the the summation in (2.13).
Since the sum over all the sheets of covering (2.1) j W (P, λ (j) ) gives the Bergmann kernel on the sphere CP 1 dλdµ(P ) (λ − µ(P )) 2 (here µ(P ) = P r(P )), we have
Now taking the residue at λ = λ m and using (2.13), we get (2.11). ⋄ Using (2.10) and (2.11) we conclude that
To finish the proof we note that the last expression is symmetric with respect to m and n. ⋄
Rational and elliptic cases
The goal of the present work is to calculate the tau-function of the covering (2.1) in the two simplest cases: for a rational (g = 0) and an elliptic (g = 1) coverings L.
• If g = 0 then the surface L is the Riemann sphere CP 1 . Let z be the natural coordinate on CP 1 \ ∞. The projective connection S(x m ) reduces to the Schwarzian derivative
(2.14)
Then L is the torus with periods 1 and µ; θ
Using (2.6) and the heat equation
we get
where w = w(x m )dx m and z = P w. Now the Rauch variational formula
In both cases we shall first compute the module of the tau-function. Since the first summond in (2.15) can be immediately integrated, in both cases g = 0 and g = 1 one needs to find a real-valued potential S(λ 1 , . . . , λ n ) for the Schwarzian derivative terms: 16) where z is the natural coordinate on the universal covering of L (i.e. on the complex plane for g = 1 and the Riemann sphere for g = 0). The solution of equations (2.16) is given by Theorem 2 bellow. The function S turns out to be the value of the properly regularized integral
where. For g = 1 the expression e φ dλdλ is the flat metric on L obtained by projecting of the standard metric dzdz from the universal covering (In case g = 0, when the universal covering is the Riemann sphere, the metric dzdz is singular.) The functional (2.17) is nothing but the Liouville action for the metric of zero curvature. The Liouville action (2.17) can be explicitly represented as the square of a holomorphic function of variables λ 1 , . . . , λ M . The procedure of holomorphic factorization gives us the value of the tau-function itself.
The next two sections are devoted to the calculation of function S.
3 The flat metric on Riemann surfaces of genus 0 and 1
The asymptotics of the flat metric near the branch points
Compact Riemann surfaces L of genus 1 and 0 have the universal coveringsL = C andL = CP 1 respectively. Projecting onto L the metric |dz| 2 on the universal covering we obtain the metric of the Gaussian curvature 0 on L. (In case g = 0 the obtained metric has singularity at the image of the infinity of CP 1 ). Let J :L → L be the uniformization map; denote its inverse by U = J −1 . Denote by x m a local parameter on L. The projection of the metric dzdz on L looks as follows:
which implies the Liouville equation
Let now L be represented as branched covering (2.1).
In the case g = 1 the map P → U (P ) may be defined by
with any holomorphic differential w on L (not necessarily normalized).
In the case g = 0 we choose one sheet of covering (2.1) (we shall call this sheet the first one) and require that U (∞ (1) ) = ∞, where ∞ (1) is the infinity of the first sheet.
Let P m ∈ L be a branch point of order r m − 1 ≥ 0. Remind that we denote by x m the natural coordinate of a point S in a neighborhhood of P m , x m = (λ − λ m ) 1/rm , where λ is the coordinate of P r(S) in CP 1 . Choose any sheet of covering (2.1) (this will be a copy of the Riemann sphere CP 1 with appropriate cuts between the branch points; we remind that it is assumed that the infinities of all the sheets are not the branch points) and cut out of it small neighborhoods of all the branch points and a neighborhood of the infinity. The remaining domain possesses the coordinate λ. Let φ ext (λ,λ) be the function from (3.1) corresponding to the coordinate x = λ and φ int (x m ,x m ) be the function from (3.1) corresponding to the coordinate x = x m .
Lemma 3
The derivative of the function φ ext has the following asymptotics near the branch points and the infinities of the sheets:
3. In the case g = 0 on the first sheet the last asymptotics is replaced by
as λ → ∞.
Proof. In a small deleted neighborhood of P m in the chosen sheet we have
This gives the equality
which implies that
Since the functions φ ext and φ int are real valued we get
which implies the first asymptotics. In a neighborhood of the infinity of the chosen sheet we may introduce the coordinate ζ = 1/λ. Denote by φ ∞ (ζ,ζ) the function φ from (3.1) corresponding to the coordinate w = ζ. Now the second asymptotics follow from the equalities
(3.9)
In the case g = 0 on the first sheet we have
with c −1 = 0. So at the infinity of the first sheet there is the asymptotics
The Schwarzian connection in terms of the flat metric
Let x be a local coordinate on L. Choose any branch of the map U and set z = U (x); here z is a point of the universal covering (C or CP 1 ). The system of Schwarzian derivatives R z,x (each derivative corresponds to its own local chart) forms a projective connection on the surface L. In accordance with [6] , we call it the Schwarzian connection.
Lemma 4
1. The Schwarzian derivative can be expressed as follows in terms of the function φ from (3.1):
2. In a neighborhood of a branch point P m there is the following relation between Schwarzian derivatives computed with respect to coordinates λ and x m :
3. Let ζ be the coordinate in a neighborhood of the infinity of any sheet of covering (2.1) (except the first one in the case g = 0), ζ = 1/λ. Then
Proof. The second and the third statements are just the rule of transformation of the Shwartzian derivative under the coordinate change. The formula (3.10) can be verified by a straightforward calculation. ⋄
The derivative of the metric with respect to a branch point
In this item we set φ(λ,λ) = φ ext (λ,λ). The following lemma describes dependence of the function φ on positions of the branch points of the covering (2.1).
Lemma 5 Let g = 0, 1. The derivatives of the function φ with respect to λ are related as follows to its derivatives with respect to the branch points as follows:
Proof. This is again a straightforward calculation. We have
(We used the fact that the map U depends upon the branch points holomorphically.) ⋄ Lemma 6 Let g = 0 or g = 1 and let J be the uniformization map J : CP 1 → L or J : C → L respectively. Denote the composition P r • J by R. Then
The following relation holds:
2. In a neighborhood of the branch point λ l the following asymptotics holds:
16)
where δ lm is the Kronecker symbol.
3. At the infinity of each sheet (except the first sheet for g = 0) the following asymptotics holds:
Proof. Writing the dependence upon the branch points explicitly we have
for any z from the universal covering (CP 1 for g = 0 or C for g = 1). Differentiating (3.18) with respect to λ m we get (3.15). Let z 0 = z 0 (λ 1 , . . . , λ M ) be a point from the universal covering such that J(z 0 ) = P m . The map R is holomorphic and in a neighborhood of z 0 there is the representation
with some holomorphic function f (·, λ 1 , . . . , λ M ). This together with the first statement of the lemma give (3.16) . Let now z ∞ = z ∞ (λ 1 , . . . , λ M ) be a point from the universal covering such that J(z ∞ ) = ∞, where ∞ is the infinity of the chosen sheet. Then in a neighborhood of z ∞ we have
with holomorphic g(·, λ 1 , . . . , λ M ). Using the first statement of the lemma once again we get (3.17) . ⋄ Example 1. Consider the covering of CP 1 with two sheets and two branch points λ 1 , λ 2 . Then g = 0 and
therefore,
.
So, F 1 (λ 1 ) = 1 and F 1 (λ 2 ) = 0, in accordance with the second statement of the previous lemma. Here λ m are all branch points which belong to the kth sheet L k of L. Since projections of all branch points on CP 1 are assumed to be different, from now on we identify a branch point P m with its projection λ m on CP 1 . In the case of genus zero the above definition of the domain Ω k ρ is valid for k = 2, . . . , N . The domain Ω 1 ρ in this case should be defined separately:
(Here, again, λ m are all the branch points from the first sheet) We remind that in the case g = 0 we have singled out one sheet of the covering (the first sheet in our enumeration). The function φ ext k has finite limits at the cuts (except the endpoints which are the branch points); at the branch points and at the infinity it possesses the asymptotics listed in Lemma 2.
Let us introduce the following object:
where dS is the area element on C 1 :
According to Lemma 2 there exist the finite limits
in the case g = 1 and
in the case g = 0.
Remark 1 Actually we can consider the set {φ ext 1 , . . . , φ ext N } as a single function φ defined on the surface L. This function has singularities at all the branch points and at the infinities of the each sheet. So, expressions (4.2) and (4.3) turn out to be the regularized integral
Theorem 2 Let S = S rat for g = 0, S = S ell for g = 1. Then for any m = 1, . . . , M
4)
where z is the natural coordinate on the universal covering of L (CP 1 for g = 0 and C for g = 1).
Proof. We shall restrict ourselves to the case g = 1. The proofs for g = 0 and g = 1 differ only in details concerning the infinity of the first sheet.
Let Q ρ be defined by formula (4.1) and λ m be a branch point of covering (2.1). We have
Here the first sum corresponds to those sheets of the covering (2.1) which are glued together at the point P m ; λ (l) is the point on the l-th sheet whose projection on CP 1 is λ.
Lemma 7 There is the equality
Here x n , x m are the local parameters near the corresponding branch points. The summation at the right is over all the branch points of covering (2.1).
Proof. Using (3.10) and the holomorphy of R z,λ with respect to λ, we have
The asymptotics (3.12) and (3.17) imply that the first sum in (4.7) is o(1) as ρ → 0. The second sum coincides with
Here we have used (3.11) . Since in this proof we keep m fixed, we define fo convenience Φ n (x n ) ≡ F m (λ n + x rn n ). The formulas (3.15) and (3.19) imply that
So we can rewrite (4.8) as
(It should be noted that the circles |x n | = ρ 1/rn are clockwise oriented.) Now we go to the limit ρ → 0 in (4.7) and get (4.6). ⋄ Denote by Σ 2 the second summand in (4.5). Using (3.13) and the equality F mλ = 0, we get the relation
This gives
Using the notation of Lemma 6, we have
as ρ → 0. We get also
and
We note that
It is easy to verify that
so we get
Now Lemma 6, (4.5) and (4.11) imply that
To prove Theorem 2 it is enough to note that the summand o(1) in (4.12)is uniform with respect to parameters (λ 1 , . . . , λ M ) belonging to a compact neighborhood of the initial point (λ 0 1 , . . . , λ 0 2 ). ⋄
Corollary 1
The formulas for functions S ell and S rat may be rewritten as follows:
Here ∞ (k) is the infinity of the k-th sheet of covering (2.1);
Proof. Using the Liouville equation (3.2), the Green formula and the asymptotics from Lemma 2, we get in the case g = 1:
as ρ → 0. Ignoring the unessential constant, we obtain (4.13).
In case g = 0 we repeat the same calculation, omitting the integrals around the infinity of the first sheet. ⋄
Factorization of the Lioville action and the tau-function
Now we are in a position to calculate the tau-function itself.
Theorem 3 In case g = 1 there is the following expression for the tau-function of covering (2.1):
where w(P ) is the normalized abelian differential on the torus L; w(P ) = f m (x m )dx m as P → P m and
Proof. It is enough to note that
in a neighborhood of ∞ (k) and to make use of (4.13) and (2.15) . ⋄
Theorem 4
In case g = 0 the tau-function of the covering (2.1) can be calculated by the formula
where x m is the local parameter near the branch point P m , ζ k is the local parameter near the infinity of the k-th sheet. (We remind that the map U is chosen in such a way that
The proof is essentially the same. Below we illustrate the formulas (5.2) and (5.1) for the simplest situations of two-sheeted coverings with two (g = 0) and four (g = 1) branch points.
Tau-function on H 0,2
The uniformization map U (P ) of two-sheeted branch coverings with two branch points λ 1 and λ 2 is given by (3.20) . To apply formula (5.2) we compute
Direct integration of this expression gives the following result:
On the other hand, to apply the general formula (5.2), we find U 
Tau-function on H 1,2
Consider now the tau-function of two-sheeted covering L with four branch points:
There are two ways to compute the tau-function on the space of such coverings. On one hand, since curve L belongs to hyperelliptic class, we can apply known formula (1.2) which gives:
where A = a dλ µ is a-period of non-normalized holomorphic differential. On the other hand, to apply the formula (5.1) to this case, we notice that the normalized holomorphic differential on L is equal to w(P ) = 1 A dλ µ ; the local parameters around λ n are x n = √ λ − λ n . Therefore,
and, According to Jacobi formula θ ′ 1 = πθ 2 θ 3 θ 4 ; moreover, the genus 1 version of Thomae formalas for thetaconstants gives θ 4 k = ± A 2 (2πi) 2 (λ j 1 − λ j 2 )(λ j 3 − λ j 4 ), where k = 2, 3, 4 and (j 1 , . . . , j 4 ) are appropriate permutations of (1, . . . , 4). Computing θ ′ 1 according to these expressions, we get from formula (5.1):
which agrees with formula (5.5) up to unessential constant.
Summary
In this paper we introduced the notion of the tau-function on spaces of meromorphic functions on Riemann surfaces (the Hurwitz spaces), and computed it on the Hurwitz spaces in genus 0 and 1. The notion of tau-function of branched covering originated from the isomonodromic tau-function of matrix Riemann-Hilbert problems with quasi-permutation monodromy matrices.
This tau-function is closely related to determinant of Cauchy-Riemann operator acting in the trivial bundle over Riemann surface realized as branched covering of the Riemann sphere (these objects coincide at least for two-sheeted coverings [16, 8] ).
Two most interesting next problems are the complete clarification of the link of the tau-function of branched covering with det∂ for any stratum of the Hurwitz space, and explicit computation of this object in general case.
